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Bin Packing

Given:
* nitems
*  w(j) weight of item j

> wX) =2jexw()
* m bins with capacity c

Goal: distribute items over bins
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a(w) = [{(w(X): X € [n]}]
Bin Packing B(w) = X:w(X) = s}
Key idea:

Algorithm A
R | Algorithm A in 0((1.999)") time
* Dynamic Programming £ ) I
. 0™ -n-m) If a(w) is sma

or
o Algorithm B Algorithm B in 0((1.999)") time
«  Bjérklund, Husfeldt and Koivisto (SICOMP 2009) If B(w) is small
e 0(2"-n)
4 )

— , Our result:

Open Question

- Candoin 0(1.99999™) time? Candoin O((2 — &,)™) time with
_— ’ — ~  Before our work, only &m > 0 that depends on m.

known form = 2,3
(Lente et al.)

i
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a(w) = |w(X): X < [n]}

Parameters a(w) and |B(w)| B = Pewmed =8
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a(w) = [{w(X): X < [n]}]

B(w) = {X:w(X) = s}

Additive Combinatorics

If a(w) < 1.99/™ If |B(w)| < 1.99™,
Algorithm A runs in time Algorithm B runs in time
0(1.999™) 0(1.999™)

0
@,

Because we have table entries

DP(j,cq, r) Ciy)
€ {generated weights}

€{1,..,n}
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a(w) = [{w(X): X < [n]}]

Additive Combinatorics B(w) = {X:w(X) = s}
If a(w) < 1.99/™ If |B(w)| < 1.99™,
Algorithm A runs in time Algorithm B runs in time
0(1.999™) s 0(1.999")
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a(w) = [{w(X): X < [n]}]

Additive Combinatorics B(w) = {X:w(X) = s}
If a(w) < 1.99/™ If |B(w)| < 1.99™,
Algorithm A runs in time Algorithm B runs in time
0(1.999™) 0(1.999™)

Theorem: For all § > 0 there exists € > 0 s.t.

if | B(w)| = 20797 then a(w) < 257, \

1
Take5<a @
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Additive Combinatorics

Uniquely Decodable Pairs (UDCP’s)
A,BC {0,1}" |A+B|=|A||B]

A+B:={a+b:a€ADbeB}
a + b is addition over Z™".

C;Z 1011100

1101101
0000000
1010011
0101010
1111101
1100111

22

o

‘B 0011001
1010101
0011011
0110110
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Additive Combinatorics

Uniquely Decodable Pairs (UDCP’s)

A,BC {01} |A+B|=]|AlB|

A+B:={a+b:a€ADbeB}
a + b is addition over Z™".
Example 1:

o A = {000,100} amB = {000,001,010,011}
- + B ={000,001,010, ...}

Example 2:

- A = (10,01} =3B = {00,01,11)
S A+ B ={10,11,21,01,02, 12}
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a(w) = [{w(X): X < [n]}]

Addltlve Combmatorlcs B(w) = {X:w(X) = s}

Uniquely Decodable Pairs (IlDCP’s)
A,BC {0,1}" |A+B|=|A||B]

& A <€{0,1}"s.t.  all a € A have different weight | Al = a(w)

& c {0,1}" s.t.  all b € B have weight s IB| = |B(w)]

o A and B is UDCP: See w as a vector, ‘

am Let ¢ be received. w(l) o
c=a+b, so(wc)—(wa)+-(-w,-b-)-. w(2) 1
= a was used! wX) = (w,X)=(w(3),0
b=c-—a. P

() 1
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Additive Combinatorics

Uniquely Decodable Pairs (UDCP’s)

A,BC {01} |A+B|=]|AlB|

[Observation: If A, B < {0,1}" is UDCP, |A| - |B| < 3™. J

Because: A + B € {0,1,2}"

| A+B| _ 37
. = < —
{ Corollary: |A| 3 =13 ]
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Additive Combinatorics

Uniquely Decodable Pairs (UDCP’s)

A,BC {01} |A+B|=]|AlB|

/Best known bounds: If A, B is UDCP: A
|A| - |B| <2157, [Tilborg, 1978]

\If |A| = 200=97 then |B| < 2(04228+Ve)n, [Austrin et al. 2018] Y

- N
We need: If |B| > 201797, then|A| < 2™,

N y
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a(w) = [fw(X): X < [n]}
Additive Combinatorics B(w) = {X:w(X) = s}

Uniquely Decodable Pairs (UDCP’s)

A,BC {01} |A+B|=]|AlB|

o

& A c{0,1}"s.t. all a € A have different weight | Al = a(w)

‘B c {0,1}" s.t.  all b € B have weight s Bl = |B(w)|
A and B is UDCP.

° Proof:

@ k-B={b + -+ bb; € B} Let ¢ be received. k-s
(W,b)=k'S forall b € k - B. C=a+b'so<w’c)=<w’a)+-(-w‘,—b-).—
A and k - B is "UDCP’! = a was used!

b=c-—a.
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a(w) = [{w(X): X < [n]}]

Addltlve Combmatorlcs B(w) = {X:w(X) = s}

Uniquely Decodable Pairs (IlDCP’s)
A,BC {0,1}" |A+B|=|A||B]

o

& A c{0,1}"s.t. all a € A have different weight | Al = a(w)
‘B c {0,1}" s.t.  all b € B have weight s . Bl = |B(w)|
A and B is UDCP. 0, k+ 1)

° | = | A+ k - BI (k+2)" Lo L "_zakn
@ k- B={by + -+ by:b; €B} kBl S k+Dr k+1)

(w,b) =k-s forallb € k - B. \
A and k - B is "UDCP’! b 5, = 0
ask -

Assume B ~ {0,1}"
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Conclusion

Bin Packing in 0((2 - em)”) time with ¢,,, > 0 that depends on m.

Key idea:

New result in Littlewood-Offord theory.

Future Research:
Bin Packing in 0(1.9999™), m not a constant!
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