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Observation:
Jobs of length one ⇒ `timeslots’
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A Subexponential Time Algorithm for Makespan Scheduling of Unit Jobs with Precedence Constraints

1. Graph Isomorphism 

2. Subgraph Homeomorphism
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6. Spanning tree parity problem
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8. Precedence constrained 3-processor 
scheduling

9. Linear Programming

10. Total unimodularity

11. Composite number

12. Minimum length triangulation
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Our result:

𝑃𝑚 𝑝𝑟𝑒𝑐, 𝑝𝑗 = 1 𝐶max can be solved in 1 +
𝑛

𝑚
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Corollary:

𝑃𝑚 𝑝𝑟𝑒𝑐, 𝑝𝑗 = 1 𝐶max can be solved in 2𝑂 𝑛 ⋅ log 𝑛 time.

Key points in algorithm:
1. New decomposition of schedules
2. Use of look-up table
3. Use of Dynamic Programming in combining results
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Assumption: 𝑛 = 𝑚 ⋅ 𝑇

Let 𝑧 ∈ 1, 𝑇 be the first moment with a sink.
D&W: W.m.a. Each job 𝑥 after z is a sink or a successor of a job at time z.

≈ 𝑠𝑢𝑐𝑐 𝐻 ∪ 𝑠𝑖𝑛𝑘𝑠𝑉 ∖ (𝑠𝑢𝑐𝑐 𝐻 ∪ 𝑠𝑖𝑛𝑘𝑠) 𝐻

= sinks(𝐺)
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Summary of Algorithm

Input: 𝑋 a set of jobs, m

Output: minimal makespan of 𝑋

1. For each 𝑆1, 𝑆2 ∈
𝑋
≤𝑚

 do:

a) Compute recursively makespan of X ∩ 𝜎(𝑆1, 𝑆2)

2. Find a minimal combination of these subschedules

3. Return found schedule

A Subexponential Time Algorithm for Makespan Scheduling of Unit Jobs with Precedence Constraints39

Use of DP in ≈ 𝑛2𝑚 time

Only 𝑛2𝑚 subproblems

Simple analysis: 2𝑛 𝑝𝑜𝑙𝑦(𝑛) time…?
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Store subproblem results in lookup table: 

𝑇 𝐴, 𝐵 ≔ min makespan of succ 𝐴 ∩ pred 𝐵

Use of lookup table, how many different subproblems?

⇒ at most 2𝑂 𝑛⋅log 𝑛 trees with 2𝑂 𝑛⋅log 𝑛 nodes 

⇒ 2𝑂 𝑛⋅log 𝑛 different subproblem!



Summary of Algorithm

Input: 𝐴, B, m

Output: minimal makespan of succ 𝐴 ∩ pred 𝐵 = Jobs

1. For each 𝑆1, 𝑆2 ∈
Jobs
≤𝑚

 do:

a) Compute recursively makespan of Jobs ∩ (succ 𝑆1 ∖ (succ 𝑆2 ∪ 𝐵)

2. Find a minimal combination of these subschedules

3. Return found schedule
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Main result: 
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